
7. 10

Let T : H- H be such that Tlo) = 0 and IIT-Tsgill = 11x-T1

for all x and y in H
.

Show that T is a linear isometry
from I to H.

Proof : For any
XEH

, IITW1 = IIT-Tall = 11x-oll = 11 x)) .

It remains to show T is linear.

Notice that

Re(ix , Ty)= )llTXIR + 1/Tgl" - 11TX-Ty(R)
= (((x(k + 1(y))) - 1(x- y/12

= Re(x , 8)

· 11 T(x + y) - T(x) - Thys/12

= (TX +y) - T(x) - T(y) ,
T(x+ y) - T(x) - T(y)

= (1 + (x+ ys()"+ 11 T(x)(k+ 11 Tsys/"- 2Re(Tx+ y) , T(x)(
- 2Re(T(x+y)

, Tcy 1) +2 Re(Tix
, Trys)

= ((x+y/1 + 11x1l2 + 118112 - 2Re(x+y ,
x)

- 2 Re(x+y , y) + zRe(x , y)

= (x+ y - x - y ,
x+ y - x - y)

= 11x+ y - x - yl)
?

= 0



· For any
GtR

,

11 T(x - CT(x)/12
= (TRX1 - 2 T(xs

,
T(Gx) - a T(x)

= llTix) /12+ 112 icxsll" - 2Re(T(x)
, CT(x)

= 112x /| + 2211x/) - 2(e(d(2x , x)
= 22 (x112 +22((x/x - 223Re)x, x)

= O
.

Hence
,

T is IR-linear.

T may not be
K-fincar. Counter-example : TE =

E
7. Il

Let H be a Hilbert space .

For each PCH*, let UptH

be the unique element satisfying $(x= (X , 201 for all

XEH .
If To*: H

*
-> H *

is the operator adjoint of
T

,

and Th : H- > H is the Hilbert adjoint of T
,

show

that Vo = TV for all At H*

Pf : For any X,

(x , Up) = T*P (x) = P(T(x) = (TX
, 2p) = (x , Trp).

Hence
, V = TIVA.
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7. 16

LetIt be a Hilbert space . If (ul
, (yn) are

sequences in BH and tim(xn , In) = 1
,

show that

tim 11Xn-yull = 0.
-

Pf : 11x1-yull = 211Xn/+Ellen- 11Xu +yn/k

= 11 xn/l + 11yu/l- 2Rein
, In)

- 1 + 1 - 2Re(xn
, yn)

-> O as n -o.
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